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NONEXISTENCE OF SOLUTIONS TO PARABOLIC DIFFERENTIAL 
INEQUALITIES WITH A POTENTIAL ON RIEMANNIAN MANIFOLDS 


P. Mastroll-'Q, D. D. MonticellO and F. PUNZcjj, 

Abstract. We are concerned with nonexistence results of nonnegative weak solutions for a class of 
quasilinear parabolic problems with a potential on complete noncompact Riemannian manifolds. In 
particular, we highlight the interplay between the geometry of the underlying manifold, the power 
nonlinearity and the behavior of the potential at infinity. 


1. Introduction 


In this paper we investigate the nonexistence of nonnegative, nontrivial weak solutions (in the sense 
of Definition 12.11 below) to parabolic differential inequalities of the type 

jd t u — div (|Vu| p_2 Vu) >V(x,t)u q in M x (0, oo) 

1 u = Uq in M x {0}, 


where M is a complete, m-dimensional, noncompact Riemannian manifold with metric g , div and V are 
respectively the divergence and the gradient with respect to g, p > l,q > max{p — 1,1}, the potential 
satisfies V = V(x,t) >0 a.e. in M x (0, oo) and the initial condition uq is nonnegative. 

Local existence, finite time blow-up and global existence of solutions to parabolic Cauchy problems 
have attracted much attention in the literature. In particular, the following semilinear parabolic Cauchy 
problem 


( 1 . 2 ) 


{ dtu — Aw = u q in R m x (0, oo) 
u = uq in R m x {0} , 


where q > 1, uq > 0, uq £ L°°{ K. m ), has been largely investigated. Indeed (see [5], [B] and m ), problem 
<ra does not admit global bounded solutions for 1 < q < 1 + —. On the contrary, for q > 1 + 
global bounded solutions exist, provided that uq is sufficiently small. For initial conditions uq £ L p { R m ) 
similar results have been obtained in the framework of mild solutions in the space C([0, T); L p (R m )) in 

m, 1301 - 

Problem (ED with (M, g) = (R m , gnat), where ga a t is the standard flat metric in the Euclidean space, 
together with its generalization to a wider class of operators of p —Laplace type or related to the porous 
medium equation, has also been largely studied; without claim of completeness we refer the reader to 
h, 0 , m , m, m, ee m, and references therein. In particular, in [2B] it is shown that problem 
ED with M = R m and V = 1 does not admit nontrivial nonnegative weak solutions, provided that 


P > 


2 TO 

m + 1 ’ 


q<P~ 1 + —■ 
m 
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Moreover, the blow-up result given in [5] has been extended to the setting of Riemannian manifolds. 
To further describe such results, let us introduce some notation. Let (M, g) be a complete noncompact 
Riemannian manifold, endowed with a smooth Riemannian metric g. Fix any point xq £ M , and for any 
x £ M denote by r(x) = dist(xo,a;) the Riemannian distance between Xo and x. Moreover, let B(xo,r) 
be the geodesics ball with center Xq £ M and radius r > 0, and let g be the Riemannian volume on M 
with volume density ^fg . 

In [31, it is proved that no nonnegative nontrivial weak solutions to problem (11.111 with p = 2 exist, 
provided there exist C > 0, a > 2, /3 > — 2 such that, for all r > 0 large enough: 

(a) g(B(x,r)) < Cr a for all x £ M; 

( 4 ) ^ 

(c) V = V(x), V £ L^ c (M) and C _1 r(x) /3 <V(x)< Cr(x)P; 

Observe that if the Ricci curvature of M is nonnnegative, then (a) — (6) are satisfied, see e.g. [?]. 
On the other hand (see Theorem 5.2.10 in [3], or Section 10.1 of [171)1. hypotheses (a) — (6) imply that 
Ai(M) = 0, where Ai (M) is the infimum of the L 2 — spectrum of the operator — A on M . 

The semilinear Cauchy problem 

{ d t u = A u + h(t)u " in H m x (0,T) 

u = uo in H m x {0} 

has been studied in pQ, where H m is the m —dimensional hyperbolic space, uq is nonnegative and bounded 
on M and h is a positive continuous function defined in [0, oo); note that in this case we have Ai(H Ar ) = 

(JV—l ) 2 
4 

To be specific, it has been shown that if h(t) = 1 (t > 0), or if 
(1.4) ait q < h(t) < ot 2 t q for any t > t 0 , 

for some a\ > 0, 012 > 0,to > 0 and q > — 1, then there exist global bounded solutions for sufficiently 
small initial data uq. Moreover, when h(t) = e at (t > 0) for some a > 0, the authors showed that: 

(*) if 1 < q < 1 + yypsy, then every nontrivial bounded solution of problem (11.511 blows up in finite 
time; 

(ii) if q > 1 + yypprp then problem (11.31) posses global bounded solutions for small initial data ; 
(in) if q = 1 + and a > |Ai(H m ), then there exist global bounded solutions of problem (11.31) 

for small initial data. 

Analogous results to those established in [T] have been obtained in PD, for the problem 

! d t u = A u + h(t)u q in M x (0,T) 

u = Mo in M X {0} , 

where M is a Cartan-Hadamard Riemannian manifold with sectional curvature bounded above by a 
negative constant, and uq £ L°°(M). Moreover, for initial conditions uq £ L P (M) similar results have 
been established for mild solutions belonging to C([0, T); L P (M)) in [25] . 

Let us mention that nonexistence results of nonnegative nontrivial solutions have been also much 
investigated for solutions to elliptic equations and inequalities both on M m (see, e.g., [2], [12], US, 21] . 
[22] . [3]) and on Riemannian manifolds (see [II) . [12] . 1 14] CGI], HU, [27] , [28]). In particular, the present 
paper is the natural continuation of nsi, where some ideas and methods introduced in m, mi and m 
have been developed. Indeed, our results can be regarded as the parabolic counterpart of those shown 
in m, concerning nonnegative weak solutions to the inequality 

— div >V(x)u q in M. 
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In [TBJ, as well as in [TT[ , [T2] , [27] and [25] , the key assumptions are concerned with the parameters p, q 
and the behavior of a suitable weighted volume of geodesic balls, with density a negative power of the 
potential V{x). 

As for the case of R m , also on Riemannian manifolds the parabolic case presents substantial differences 
with respect to the elliptic one. In fact, new test functions have to be used, and suitable estimates of 
new integral terms are necessary. On the other hand, as in the case of elliptic inequalities on Riemannian 
manifolds, a simple adaptation of the methods used in R m does not allow to obtain results as accurate 
as those we prove in the present work. In the next two subsections we describe our main results and 
some of their consequences; furthermore, we compare them with results in the literature. 


1.1. Main results. In order to formulate our main results, we shall introduce some further notation 
and hypotheses. For each R > 0, > 1, 0 2 > 1 let S := M x [0, oo) and 

E r := {(x,t) G S : r{x) 92 +t Bl < R 02 } . 


Let 


si := 


S3 := 


-^-e 2 
q-1 

pq 


1 


s 2 := 


H , s 4 := 


9- 1 ’ 
P~ 1 


q — p + 1 q — P + 1 

The following conditions, that we call HP1 and HP2, are the main hypotheses under which we will 
derive our nonexistence results for nonnegative nontrivial weak solutions of problem m- 

HPl. Assume that: (*) there exist constants Q\ > 1, d 2 > 1, Cq > 0, C > 0, Rq > 0, £o > 0 such 
that for every R > R 0 and for every 0 < e < £o one has 

(1.6) [ [ < CR Sl+c ° e {logR) S2 , 

j J e 2 i/o 2 r \Er 
for some 0 < S 2 < s 2 ; 

(■ ii ) for the same constants as above, for every R > Rq and for every 0 < e < Eq one has 


(1.7) 

for some 0 < S 4 < S 4 . 


-(a;) (e 2 “ 1 )p (i4+T“ £ )F“^TT + s dpdt < CR B3+c ° e (logR) Si , 


HP2. Assume that: (i) there exist constants 6\ >1,6 2 > 1, 
that for every R > R 0 and for every 0 < e < £o one has 

( 1 . 8 ) [ [ t {ei ~ 1) ^~ e )v~^ +E dpdt < 

' ^ B 2 1 /« 2 K \- Ek 

(1.9) f f t iei ~ 1) ^ +e )v~^~ E dp,dt < 

j J e 2 i/0 2 r \Er 

(ii) for the same constants as above, for every R > R 0 and for 

"(x)( e2 ~ 1 ' >p ( 1-P+ 1 -e ) V~ 1-P+ 1 +E dpdt 


( 1 . 10 ) 

( 1 . 11 ) 


E 2 i/9 2r \Er 


E 2 l/02 r\Er 


"( X )^ 2 1 ) p (i-p+ i +e )l/ 9-p+i E dpdt 


Cq > 0, C > 0, Rq > 0, £q > 0 such 


Cffi +c " £ ( log RY 2 , 


CR S 1 +Coe (l 0g Rf 2 ; 


every 0 < £ < £q one has 

< Ci? 53 +Co£ (logR ) s ' 4 , 

< CR S3+CoE (log R) S4 • 


Remark 1.1. Passing to the limit as £ —> 0 we see that, if HPl holds, then for the same constants as 
above conditions (HU 3 , 11(1 (| 1. 7p hold ctlso for e — 0. Similarly, if HP2 holds then (jl . 8 p nnd (| 1 . 1 0 [) (or 
equivalently (HU and ( 11 . 111 ) ') are satisfied also with e = 0 . 


We prove the following theorems (for the definition of weak solution see Definition 12.11 below'). 
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Theorem 1.2. Let p > 1 , q > max{p — 1,1}, V > 0 a.e. in M x ( 0 , oo), V £ L] oc (M x [ 0 , oo)) and 

uq £ Lj oc (M), uo > 0 a.e. m M. Let u be a nonnegative weak solution of problem ( 11 . 11 ) . Assume 

condition HP1. Then u = 0 a.e. in S. 

Theorem 1.3. Lei p > 1, q > max{p — 1,1}, R > 0 a.e. in M x (0,oo), R £ L] oc (M x [0, oo)) and 

uo £ Lj oc (M), u 0 > 0 a.e. in M. Let u be a nonnegative weak solution of problem (11.11) . Assume 

condition HP2. Then u = 0 a.e. in S . 


We should note that, to the best of our knowledge, no nonexistence results for linear or nonlinear 
parabolic equations on complete, noncompact Riemannian manifolds have been obtained in the literature 
under conditions similar to HP1 and HP2, nor using the techniques that we exploit to prove Theorems 
O and P Even if Theorems O and P can be regarded as the natural parabolic counterparts of 
the results in [16] for elliptic equations, their proofs are substantially different from those in the elliptic 
case. Moreover, we should also observe that in m a nonexistence result for the stationary problem was 
obtained under a different assumption than the stationary counterparts of the conditions HP1 and HP2 
introduced in the present work (see m condition HP3]). An analogous result which could give rise to 
nontrivial applications cannot be deduced using our methods for parabolic equations, and the question 
whether a hypothesis corresponding to m condition HP3] can be introduced also in the parabolic 
setting in order to prove nonexistence results still remains to be understood. 

1.2. Applications. This subsection is devoted to the discussion of some consequences of Theorems 11.21 
and P and to comparison with existing results in the literature. 

Corollary 1.4. Let (M,g) = (R m , gflat), V = 1, p > 1. Suppose that 

(1.12) max{l,p — 1} < q < — +p — 1. 

TO 

Let u be a nonnegative weak solution of problem (ED- Then u = 0 a.e. in S. 

Note that condition (11.121) in particular requires that p > . Note also that Corollary 11.41 agrees 

with results in [201 . Furthermore, for p = 2 we recover the results on the Laplace operator in B SSI- 


Corollary 1.5. Let M be a complete noncompact Riemannian manifold, p > 1, q > maxjp — 1,1} and 
uq £ Lj oc (M), u o > 0 a.e. in M. Suppose the potential V £ L\ oc (M x [0, oo)) satisfies 

(1.13) V(x,t) > f(t)h(x) for a.e. (x,f) £ S', 


where f : (0, oo) —> R, h : M —> R are two functions satisfying 

(1.14) 0 < f(t) < C{1 + t) a for a.e. t £ (0, oo) and 0 < h{x) < C{ 1 + r(x )) /3 for a.e. x £ M 

and 


(1.15) 

(1.16) 


r T t T -i 

/ f(t)~^ dt<CT a 2 {logT) 52 , / /(t)“?=p+T dt < CT a 4 (logT) Si 

Jo Jo 


[ h(x) i - 1 dp. < CR ai (log R) Sl , f h(x) 1 -P + 1 dp < CR a3 (log R) 5s 

JBr JBr 

for T, R large enough, with a, j3, ay, 02 , 03 , < 74 , <$ 1 , 62 , S 3 , 64 > 0 and C > 0. Assume that 
i) £1 + <$2 < jzi j <53 + ^4 <^x; 


q-p+l 


h) 0<<7 2 <^, 0<a 3 <^_; 


hi) */ 02 = -^1 then o x = 0 , if o 3 = v Ifj +1 then a 4 = 0 ; 


q _ 1 ^ p-q+ 1 

iv) CT1CT4 < (^1 - <r 2 ) (^t - <73). 


Then problem CUD does not admit any nontrivial nonnegative weak solution. 


Corollary 1.6. Let M be a complete noncompact Riemannian manifold, p > 1, q > max{p — 1,1} and 
uq £ Lj oc (M), uo > 0 a.e. in M. Assume that V £ L] oc (M x [0, 00 )) satisfies condition (11.131) with 
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/ : ( 0 , oo) —> R 7 h : M —>■ R swc/i that 

7 + £)““ < /(i) < ( 7(1 +i)“ fora.e.tei 0 ,oo) 

C _1 (l + r(a ;)) _/3 < /i(a;) < C( 1 + r(x))^ /or a.e. x € M 

and ( 11 . 151 ) . (Il.l(il) hold forT,R sufficiently large, a,^,(71^2,013^4,83,82,83,8i>Q andC > Q. Suppose 
that 

i) S 1 + S 2 <^, S3 + S4<^; 

ii) 0 < a 2 < ^ , 0 < cr 3 < ; 

iii) if 02 — ^tt tten ay = 0 , if <r 3 = p _ pg +1 iften <r 4 = 0 ; 

iv) CTia 4 < (^r - cr 2 ) (^r - a 3 ) . 

TTien problem (ED does not admit any nontrivial nonnegative weak solution. 


Remark 1.7. i) We explicitly note that the hypotheses in Corollaries 11.51 and 11.61 allow for a 
potential V that can also be independent of x £ M or of t £ [0, oo). 
ii) In the particular case of the Laplace-Beltrami operator, i.e. for p = 2, from Corollaries 1 1.5 1ITTTTI 
we have the following results: 

Let V satisfy condition (11.131) . with f : (0, oo) —> M, hM —> R such that (11.141) holds and 
(1.18) f h{x)~^ dp < CR ai (log R) Sl , f f(t )~^ dt < CT * 2 (log T )* 2 

J Br j 0 

forT,R large enough, with a, ffi o\, 02 , d 4 ,62 > 0, C > 0 and 


S± + 82 < 


1 


cr 1 + 2ct 2 < 


2 q 


9-1 9-1 

Then there exists no nonnegative, nontrivial weak solution of problem ED with p = 2. 

Similarly, if condition (11.131) on V holds with /, h satisfying (11.171) and (11.181) for T, R suffi¬ 
ciently large, a, ffi o\, 02 , <5i, 82 > 0, C > 0 and if 


81 + 82 < 


1 


01 + 2<T 2 < 


2 q 


i 1 ^ 1 1 ^ — -1 5 

9-1 9-1 

then there exists no nonnegative, nontrivial weak solution of problem ED with p = 2 . 


We should note that, even if in view of Remark 1 1.71 i) problem ED on the hyperbolic space could in 
principle be addressed, we cannot actually obtain nonexistence results for it using our results. In fact, 
condition (11.161) is not satisfied if M — H m and h = 1, due to the exponential volume growth of geodesic 
balls in the hyperbolic space. Therefore, we do not recover the results given in [T| (see also |M|)- This is 
essentially due to the fact that in [1] spectral analysis and heat kernel estimates on have been used. 
Similar methods have also been used on Cartan-Hadamard manifolds in [24]. Clearly, such tools are 
not at disposal on general Riemannian manifolds, that are the object of our investigation. On the other 
hand, our hypotheses HP1 and HP2 include a large class of Riemannian manifolds for which results 
in [I] or in m cannot be applied. In particular, this includes the case of Riemannian manifolds that 
satisfy (a), (6), (c) above, also treated in [31j . 

In [3l] quite different methods from ours have been employed, but also porous medium type nonlinear 
operators have been considered. However, we remark that in this work we introduce new techniques 
in the setting of parabolic equations on Riemannian manifolds. We obtain completely new results in 
the case of the p-Laplace operator, which improve on those already present in the literature even in 
the particular case of semililinear equations involving the Laplacian. Indeed, we obtain more general 
nonexistence results than those in [31] (see Example 14.11 below). 

The paper is organized as follows: in Section [5] we prove some preliminary results, that will be used 
in the proof of the theorems and corollaries stated in the Introduction; Section [3] contains the proof of 
Theorems 11.21 and 11.31 while Section [4] is devoted to the proof of the Corollaries. 
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We begin with 


2. Auxiliary results 


Definition 2.1. Let p > 1, q > ma x{p — 1,1}, V > 0 a.e. in M x (0, oo), V £ L\ oc (M x [0,oo)) and 
uq £ L] oc (M), uq > 0 a.e. in M. We say that u £ W^(M x [0, oo)) D L q oc (M x [0, oo); Vdfidt) is a 
weak solution of problem (ED if u > 0 a.e. in M x (0,oo) and for every ip £ W 1,P (M x [0, oo)), with 
ip > 0 a.e. in M x [0,oo) and compact support, one has 

pOO p pOO p poo p p 

(2.1) / / ipu q V dfidt. < / / |Vit| p 2 (Vw, 'S/ip) dfidt — / / udti/i dfidt.— / uoip(x,0) dp. 

Jo Jm Jo J m Jo Jm Jm 

The next lemmas will be the crucial tools we will use in the proof of Theorems 11.21 and 11.31 


Lemma 2.2. Let s > max 1 1, , g _^ +1 1 be fixed. Then there exists a constant C > 0 such that 

for every a £ |(— min {l,p — 1}, 0), every nonnegative weak solution u of problem (11.11) and every 
ip £ Lip (M x [0, oo)) with compact support and 0 < ip < 1 one has 


(2.2) i / [ Vu q+a ip s dpdt+ '^-\a\ ( ( \S7u\ p u a 1 ip s dfidt 

2 Jo Jm 4 J 0 J M 


im 

, , | (p-i)q 

< C{ \a\ 1 -P + 1 


f P(g+Q=) p+g-l / 

/ |V<^| 1 -P + 1 V 1 -P + 1 dfidt + 

I m Jo 


\d t ip \ 5-1 V i - 1 dfidt. 


Im 


Proof. For any e > 0 let it e := u + e. Define ip = ufip s \ then ip is an admissible test function for problem 
(11.11) . with 

Vip = ra“^V s Vit + s(p s ~ 1 u < JV<p, d t ip = auf~ 1 ip s d t u + S(p s ~ 1 ufdtip. 

Inequality ED gives 

(2.3) 

poo p poo p poo p 

/ / u q ufip s V dfidt < a / / \Vu\ p u^- 1 ip s dfidt + s / / | Vti| p_2 (Vu, V<p) ufip 3 ^ 1 dfidt + I, 

Jo Jm Jo Jm Jo Jm 

where 

pOO p p OO p p 

(2.4) I = —a / / ip s ud t u dfidt — s / / uuftp s ~ 1 d t ip dfidt — / uq(uo + e) a tp s (x, 0) dfi. 

Jo Jm Jo Jm Jm 

Now we have 

pOO p poo p poo p 

—a / / u < f~ 1 ip s udtu dfidt = —a / / uf ip s dtu dfidt — ae / / uf~ 1 ip s dtu dfidt 

Jo Jm Jo Jm Jo Jm 


= -- / / d t (uf +1 )ip s dfidt + e / / d t (uf)(p s dfidt. 

a + 1 Jo J m Jo Jm 

Since u“,ti“ +1 £ W^ P (M x [0, oo)) with p > 1 and since ip s £ W 1,p '(M x [0, oo)) and has compact 
support, integrating by parts we obtain 

poo p p OO p p OO p 

—a / / ip s udtu dfidt =—— / / (p s ~ 1 u^ +1 dt^f dfidt — es / / dfidt 

Jo Jm a +1 Jo Jm Jo Jm 

H- C J— f ip s (x,0)(uo + e) a+1 dfi - s [ ip s (x,0)(uo + e) a dfi, 

u + lJm Jm 


thus, recalling that u e = u + e, we have 
s 


(2.5) 


1 = —- 


f [ w“ + V s 1 d t ip dfidt - f ( u o + £) a+ 1 tp s {x, 0 )dfi. 

ot + 1 Jo Jm a + 1 Jm 











This, combined with (12.31) . yields 

( 2 . 6 ) 

n /»00 /* n OO /» 

u q u^ip s V d^dt < a / / |Vu| p u“ _1 y> s d^dt + s / / | Vu| p_2 (Vu, Vy>) u^ip s l d^dt 

{ Jo Jm Jo JM 

■ / [ u“ + 1 ip s ~ 1 d t ipdfxdt -—- / (u 0 + £) q+1 <^ s (x, 0) d/x 

Jo Jm a + l 


a + 1 


and then 


(2.7) |a| f f |Vu| 1 (p s dfj,dt + f j u q u^ip s V d^dt H- —- f (uq + e) a+1 ip s (x,0) dfj, 

Jo Jm Jo Jm a + l J M 

n /*00 /» 

|Vit| p_2 (Vti, Vip) w“(p s_1 dfidt -/ / u‘J +1 ip s ~ 1 d t (pd^idt. 

t a + 1 Jo J M 

Now we estimate the first integral in the right-hand side of (12.71) using Young’s inequality, obtaining 
</j s-1 'u“|Vu| p-2 (Vu, V<p) dpdt 

> f ( ^ 8 - 1 u“|Vu| p- 1 |V¥»| d^dt 
Jo Jm 

pOO 


0 J M 


< S 


a\ p ip sP p U£^ +1 ^ p \Vu\ p ^ (s\a\ p (p p 1 u e p \V<p\) dfidt 


lO J M 
poo 


< 


10 JM 

From m we deduce 


-j- / / + s < 1 |Vu| p dpdi+- 

4 Jo Jm P 


4s(p — 1) 


Hp 


p-1 


^-P u P-(+i+i)| V(/9 |P d/idi , 


0 JM 


(2.8) -|a| [ / |Vii| p w“ 1 (p s dfidt + [ [ u q u'Jip s V dfidt-\ --— [ (uq + e) a+1 ip a (x, 0) dfj 

4 Jo Jm Jo Jm a + l J M 

L /»00 /» /“OO /* 

/ / ^- p <- (|Q|+1) |v^| p dM +- 7 / < + V" 1 |9*+|dM- 

Jo Jm a + 1 Jo J m 


4s(p — 1) 

Hp 


Note that, by Young’s inequality, 
'4s(p-l) 1P_1 '- 00 


< 


*|p 

s 

P 

1 


f f v s - p u p - (lal+1) m p dpdt 

Jo Jm 


4 s(p — 1) 


o J M 
p— 1 /»oo 


Hp 




and 


f ( u q+a (p s V dfidt + C(a, s) ( f \Shp\ i~p +1 ip s p (i- p°U)v ’’i+p- 1 dfidt 
Jo Jm Jo Jm 


( f w“ + V s 1 |('A+| dfidt 

Jo Jm 

a + 1 I 0 " / (< + V (fSI) ^) (+” s ^) +s " 1 |9 t +|Y-f^) dfidt 

i -oo /* P OO /» g+a -I- l 

< - / / u| +Q: (p s y dfj,dt + Z}(a, s) / / dfidt 

4 Jo Jm Jo Jm 


a + 1 Jo Jm 
s 


where 


and 


s 

4s(p — 1) 

P \~P+ 1 

(g + a)p 

1 

a, 

1 

T—1 

1 

3 

CO 

p 

. |a|p . 

g + a 

4 s(p + a — 1) 

V Pl«l y 


P+Q! — 1 

’g-p+1 


D(a, s) = 


a + l 

s g — 1 / 4s ,_1 


a + lg + a\g + a 








































Substituting in (12.SI) we have 

q f oo p pOO p 

-|a| / / |Vu| p it“ _1 (/3 s dpdt + / / u q ufp s V dpdt 

4 Jo Jm Jo Jm 

— \f [ u q+a ip s V dpdt-\ - f (uo + £) a+ 1 (f s {x,0) dfx 

2 Jo Jm a + 1 J M 

f °° f p(q + oQ / q + q \ p q — 1 f° ° / q + Q q+q q + 1 

<C(a, s) / / |Vc/p| 9_p+1 (^ s p \ q-p+i Jy 9-p +1 d/idt + D(a, s) / / 9-1 (^ s dfidt. 

Jo J m Jo J M 


1 0 */M 

Now letting £ —>• 0 and applying Fat ou’s lemma, we get 


(2.9) -| a 


pOO /» -| pOO /» 

/ / |Viz| p M a_: V s dfidt + - / / Fii 9+a (^ s dfidt 

Jo Jm 2 Jo Jm 

f p( q+a) q+a \ p + a-1 

<C(a,s) / / |Vp| «-p +1 p U-p+iJt/ 1 -P + 1 dpdt 

Jo Jm 

r oo 


+ U(a, s) / / |3ty>| 9-1 tp s !-!|/ i- 1 dpdt, 

Jo Jm 

where we use the convention |Vu| p u“ -1 e 0 on the set where it = 0, since Vit = 0 a.e. on level sets of 
u. Now since there exists a positive constant C, depending on s,p, q 1 such that 

C(a,s)<C\a\ 1 -P + 1 , D(a,s)<C, 


and since 0 < ip < 1 onM x [0,oo), by our assumptions on s the conclusion follows from (12.91) . 


□ 


Lemma 2.3. Let s > max|l, q-p+i } fi xe J- Then there exists a constant C > 0 such that for 
every nonnegative weak solution u of equation ED, every function ip £ Lip(S’) with compact support 
and 0 < <p < 1 and every a £ 4 min |l,p — 1, q — 1, 9 ~ p + 1 1,0^ one has 

( 2 . 10 ) 


ip s u q V dpdt 


io Jm 


i _ (p-i)q 
J- 7~Z „ i u 


p+a-1 p(g+Q=) 


<C(|a| 1 (9 “ p+1) / I V q-p+i |V(^| 9_p+1 dfidt + |a| 1 / / |<9^| 9-1 V v- 1 dfidt 

I o J m Jo Jm 

„ q (1 Q )(p 1) , (l-a)(p-l) 

\ pq 

p s u q V dpdt ] 

/S\if / 


(l-q)(p-l) pq ’ 

x | II V 9-(i-°0(p-n |Vp| 9_(1_ “ )(p_1) dpdt 

IS\K ) 


+ C\ f ( ip s u q+a V dpdt\ f f f V i+ a - 1 \dtp\ qJra ~ 1 dpdt 

\J J s\k j \J o Jm 


/ S\K J 

with K = {(a:, i) £ 5 : ip(x,t) = 1}. 


Proof. Under our assumptions ip = ip s is a feasible test function in equation (EH). Thus we obtain 

( 2 . 11 ) 

p OO p poo p poo p p 

/ / p s u q V dpdt < s / / ^ s_1 |Vrt| p_2 (V«, Vy>) dpdt—s / / utp s ~ 1 d t <pdpdt— / ito(x)<^ s (a;, 0) dp,. 

Jo Jm Jo Jm Jo Jm Jm 

Through an application of Holder’s inequality we obtain 

( 2 . 12 ) 


utp s l \d t (p\dpdt< 


to Jm 


u q+a Vip s dpdt 


S\K 


. 1 (s-l)(q+a)-s , q+Q _ 

V e+<*-i(p g+tx-i \dtip\ q+a ~ 1 d/idt 


r o Jm 


q + a-l 

q+a 
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On the other hand, using again Holder’s inequality we obtain 
(2.13) 


f f sip s 1 \Vu\ p 1 \Vip\ dfidt 

Jo Jm 

=s Io°I (^ £fis i Vu r” 1 u _2 ^ i(l_a) )(^ 

p—i 

f f </3 s |Vu| p u a ~ 1 dfidt\ 

Jo Jm J 


£-1 2=±(l-a) 

V 'll V v ' 


|Vv?|^ dfidt 


/ o Jm 

Moreover from equation (E2D we deduce 


/ 

JM 


0 JM 


(2.14) 


ip s \\7u\ p u a 1 dfidt < C\a\ q ~ p + 


/ 0 JM 


(p-i)q f f 

q-p+l / 

Jo Ja 


ip s - p u( p - 1 ) ( 1 - a) \V(p\ p d/ldt 


p+a-1 p(q+a) 

V 9-p+i |Vy?| q ~ p+1 dfidt 


C\c 


0 JM 

\d t (p\~ q ^ T V~ dfidt , 


^0 M 

with C > 0 depending on s. Thus from (|2.11D , (1 2.12 1) . (12.13p and (12.141) we obtain 


(2.15) 


p s u q V dfidt 


lo JM 


< C {\a\ 1 «-p+ 


*/7 

o'O «/ M 


p + a-1 . . P(Q+ a ) 


V 9-P+ 1 \S7(p\ q ~ p+1 dfidt + |a 


-l 


|<9 t (^| 9-1 y q ~ 1 dfidt 


1 0 J M 


<p s - p u {p - m ~ a) \Vp\ p dpdt 


io Jm 


+ C\ I I u q+ot Vp s dpdt 

S\K ) 


_ 1 (s — l)(q+a) — s q + a \ 

V 9 +a-lyj q + a-1 | Of (f\ q+a ~ 1 dfidt I 


q+a-i 

q+a 


'o Jm 


We use again Holder’s inequality with exponents 


(l-a)(p-l)’ 


b = 


i-l q-(1-Qi)(p-1) 


to obtain 


/7 

^0 J M 


^-p u (p-i)(i-«)| V ^| p dpdt 


< 


( i-°)(p-i) 


g-(l-q)(p-l) 


p s u q V dfidt 

s \k J 

Substituting into (12.1511 we have 
(2.16) 


S\K 


q _ PR _ (1 — a) (p — 1) , pg , 

q-(l-q)(p-l) y q-(l-q)(p-l) | 9-(l-a)(P-l) dfidt 


n 

Jo Jm 


p s u q V dfidt 


< C { led 1 9-P+ 1 


(p-l)q 


fOO 


p+oc-l P(g+Q=) 


V q - p + 1 1 V(/p| 9 ~ p+1 dfidt + |a 

'0 JM 

(1 —a)(p—1) 


-1 


/0 JM 


\dt<p \ 9-1 y 9-1 dfidt 


g-(l-a)(p-l) 


p s u q V dfidt 


S\K 




+ C\ I I u q+a Vtp s dfidt 

S\K , 


S\K 


„_ pg (i-a)(p-i) pg 

f 9 -(l-V)(p-l) ^ g-(l-a)(p-l) |V<p>| 9-(l-“)(P-l) d/idt 


1 (s-l)(g+a)-s _ q + a 

H g+a- 1 ^ ®+“-i |9t<^| «+“- 1 dfidt 


Q+a-l 

q+a 


jo Jm 

Now inequality (12.101) immediately follows from the previous relation, by our assumptions on s,q and 
since 0 < p < 1. 

□ 
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Corollary 2.4. Under the hypotheses of Lemma \2.3\ one has 


(2.17) 


ip s u q V dpdt 


to jm 


< C 


1_ (p-i)g 
a 9-p+i 


f>00 


p+ot — 1 


p(g+aQ 


/ / y _ ®-p+i |Vy>| 9-j>+ 1 dpdt + |a| 

'o Jm 

(1 e ,)(p 1) 


|dt¥>| "- 1 P "- 1 dpdt 


>0 JM 


<j-(l-oQ(p-l) 


S\K 

, , (p-i)q 

+ Cl a q ~ p+1 


ip s u q V dpdt 


S\K 


(l-oQ(p-l) , PQ 

V q (1 aj (p 1) | Vyj| 9-(l-a)(p-l) dpdt 


j 

Jo 


p( g+Q) p+q-1 

|V(^| 9 -P + 1 V 9-p+i dfidt + 


0 J M 


r f m 

Jo Jm 


g+Q a + 1 \ 

g-1 V 9- 1 dfidt I 


g+Q-i 
q + a 


x (/ J V i+ a - 1 \dt‘fi \ q+a ~ 1 dpdt^j 

Proof. The conclusion immediately follows combining (12.1011 and (12.211 . 


□ 


Lemma 2.5. Let s > max |l, , q -p\i } be fixed. Then there exists a constant C > 0 such that for 

every nonnegative weak solution u of equation Ob every function £ Lip(S') with compact support 
and 0 < p < 1 and every a £ \ min |l,p — 1, q — 1, one has 

(2.18) 


p s u q V dpdt 


/ o J M 


< C 


1 (p-l)q 

a\ ( 5 -P+ 1 ) 


p(q+a) 


V q-p+i |Vy?| 9 -P + 1 d/idt + |a| 


9-i dfidt 


f 0 M 


/o J M 


g—(i — q)(p~ i) 


5\K 


(1 —a)(p-l) pg 

dpdt 


ip s u q V dpdt J 

S\if / 


(1-<*)(P-1) 


C 


f j ip s u q Vdpdt\ f f f V~—\d t p\— dpdt\ 
J J s\k J \J o Jm J 


with S = M x [0, oo) and K = {{x,t) £ 5 : <p(x,t) = 1}. 

Proof. Inequality ((2.1811 can be proved in the same way as (12.101) , where the only difference with respect 
to the above argument is that in this case one has to use inequality (12.121) with a = 0. □ 


3. Proof of Theorems 11.21 and 11.31 

Proof of Theorem \1.2\ For any fixed R > 0 sufficiently large, let a := ~y^r- Fi x an Y Ci > C °^ 2+1 
with Co and O 2 as in HP1. Define for all (x,t) £ S 

1 

(3.1) p(x,t) := 


if (a;, t) £ E r , 


if (*,*)£**, 


and for all n £ N 


(3.2) 


1 if (x, t ) £ E nR , 

Vn(x, *):=■( 2 - if ( X ’ 0 £ E 2i/°2nR \ E nR ■ 

0 if (x,t) £ E c 2l/e2nR . 
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Let 

(3.3) ip n (x,t) := T] n (x,t)ip(x,t) for all (x,t) £ S. 

We have ip n € Lip(S') with 0 < ip n < 1; furthermore, 

dtVn = rindty + <pd t r] n , V<p„ = rf„Wp + tpS7q n 

a.e. in S , and for every a > 1 

\dtVn\ a < 2“- 1 (| dt<p\ a + <p a \d t r, n \ a ), IV^r < 2“- 1 (|V^| Q + ^V^ 0 ) 

a.e. in S. Now we use tp n in formula (12.211 . with any fixed s > max |l, g _^ g +1 1, and we see that for 

some positive constant C and for every n £ N and every small enough |a| > 0, we have 


(3.4) 


Vu q+a tpn dfidt 


lo jm 

, , (P~l)g 

< C{ \a\ g - p+1 


o Jm 

oo 


f (P-I)g f 

< Cx |a| 9 - p+1 / / 

^ ./0 */ A 


p(q+oQ _ p+q — l 

\^(fn\ q - p+1 V 5-P+ 1 dfidt + 

p(g+oQ p+a-l 

|V(/?| , 2-p+ 1 V 9-P+ 1 dfidt 


\d t (pn\ <lq - 1 V v- 1 dfidt 


to Jm 


o Jm 


, (p-i)q 
+ a 9-p+i 


E 2 1 / 0 2 n R J ErlR 


p(q+g) P+Q-l P(q + Qi) 

y? g-p+! K 9 -p+i |V77 n | 9 -p+i dfidt 


\dtip \ 9-1 V 9-1 dfidt + 


/0 J M 

(p-i)q 


^'2 1 / 0 2 nR^^ nR 


(pl-i V «-i | 3 t r/ n | 9- 1 dpdtj 


r _ (p-i)q 'i 

— C|l a l 9 - p+1 (ll+l2) + /3+l4}, 


where 

(3.5) 

(3.6) 

(3.7) 

(3.8) 


/i 

^2 

h 

h 


f°° f , ?(?+<*) p+c-i 

/ / |V^| .-P+ 1 V q ~ p+1 dfidt, 

Jo Jm 


E 2 1 / 9 2 nR.\ EnR 


P(g+°0 p+a-l p(p+°0 

^«-pu |/ 9-p+i |Vt7„| 9-p+i dfidt , 


|c?t¥>| 9-1 V "- 1 dfidt , 


/0 J M 


q-\-OL a + 1 q+g 

</? 5-1 9^ |dtf 7 n| ' 5 =T dfidt. 


E 2 1 / S 2nR^ EnR 

In view of eu) and (13.211 and assumption HP1 -(m) (see EZD) with £ = — q _p +1 > 0, for every b£N 
and every small enough |a| > 0 we get 


(3.9) I 2 < [ f eJJ -) 2 rixf^lWrix) \ 

J JE 2 l/B 2 nR \E nR \nRj 


p(g + g) 

q—p+i 


< C\nR)~ e -^^n c ^ aI ^ 


n c i fi 2°,_p +1 y 1 -P + 1 dfidt 

\ p(q+g) P+Oi — 1 


p(q+g) _ pJf-QL — 1 


E 2 1 / 0 2 nR \ E P 


, s (Q n i^Piqi-^l p+g-1 , 

r(xy 9-p+i V 9 -P + 1 dfidt. 


^2P(l"l" Q! ) a p(q + g) 0oP3 i lal 

< C(nR) 9 -P + 1 n Gl 2 “ 9 -p+i (ni?) 9 -P + 1 + 0 9-p+i (log(ni?)) S4 . 
Now note that for any constant Cgl and for R > 0 and a = — lo * R we have 
(3.10) i?HC' = e H eiogi * = eC'<C. 

Thus, also using the fact that 


H [O2P ~ Cid 2 p{q + a) + C 0 ] |a 


q-p +1 


< -- 


q-p +1 


< 0 , 




































12 


M 


from (EH) we deduce 

(3.11) I 2 < Cn~ 1 -P + 1 [log(ni ?)] S4 . 

In a similar way we can estimate I 4 , using HPl-(i) (see CH)). Indeed, for R > 0 large enough, 


(3.12) 


h < 


^2 1 / #2 n R \ ^ n ^ 
9+< 


t^- 1 


g+Q 
g 1 




(: nR) 8 * 

< C{nR)~ 02 !=r n Cl 02 OL ( nR ) [log(ni ?)] S2 

< Cn^ T(_e 2 +Cie 29 _Co+Cie 2 a) [log(ni ?)] S2 < Cn"^r[log(ni ?)] S2 . 

In order to estimate I± we observe that if / : [0,oo) —> [0,oo) is a nonincreasing function and if 
HPl-(ii) holds (see EH), then 
(3A3) 

/ / f([r{x ) 92 +t 8 ^)r(x) {e 2 - 1 )p (^^- e W-^^ +e d[j,dt<C [ f{z)z' S 3 +c ° e - l {\ogz) Si dz, 

J J E c r d_R/2 1 /«2 

for every 0 < e < £0 and R > 0 large enough. This can shown by minor variations in the proof of |l2l 
formula (2.19)]. 

Now, since for a.e. x € M we have |Vr(x)| < 1, we obtain for a.e. (x,t) € S 

' r(x ) 02 + t 01 \° ia 1 r(x ) 02 ~ 1 


(3.14) 


|V<p(x,f)| < Ci\a\d 2 


R e2 


Thus, using (13.101) for every sufficiently large R > 0 we get 


(p-1)9 (P- 1 )^ 

| a: | 1 -P + 1 Ii < (7|a| 9 -P + 1 


V" g-p+i 




Ci|a|0 2 




r{x ) 02 + t 01 \ Cl “ 1 r(x ) 02 1 


R 02 


p(g+a=)-(p-l)g 

< C|a| i~ p + 1 


j/ {[K+“ +t #I ]*}'' 


(C 1Q -l)p(g + a) 
g-p+i 




r(x ) < ' 02 1 ) p 9-p+ 1 P 9 -P + 1 dfidt. 


p(g+Q) 
g —p+1 


dpdt 


(g+Q=) p+q — 1 


Now, using (13.131) with e = , 


(3.15) 


, (p-l)g p(g+ct)-(p-l)g 

|a| g-p+i /1 < C\a\ g-p+l 


IR/2 1 / e 2 

By our choice of C\ and by the very definition of S 3 we have 

, „ „. p(g + a) _ „ IckI 

b 9 2 (C\a — 1 )- 7 - + S 3 + (7q- 


r / 2 (C ia -l)|^ +S -3+C 0 ffi|^^l (log; , ) a 4 ^_ 

JR/2 1 / e 2 


< - 


g—p+1 q—p+l~ q—p+1 

Then using the change of variable y := | 6 | log z in the right hand side of (13.151) we obtain for a > 0 small 
enough 

(3.16) 


(p-i)g 


C\a\ 

p(g+a)-(p-l)g 

8 

05 

1 

V 4 dy 
) H 

a\ 1 -P + 1 Ii 

< 

g—P+1 



C\a\ 

p(g+«) —(p—i)g 

“ S4_1 < C\a\ 

P-1 


< 

g —p+1 

g-p+l 


The term I 3 can be estimated similarly. Indeed, we start noting that if / : [0,oo) -+ [0,oo) is 
nonincreasing function and if HPl-(i) holds (see EH), then for any sufficiently small e > 0 and every 
large enough R > 0 we get 

(3.17) [[ f([r(x ) 02 +t e ^)t^- 1) ^- E )v~^ +e dpdt<C r f(z)z El+c ° £ ~ 1 (log z) S2 dz ; 

J JE c r JR/2 1 / e 2 

this can be shown by minor changes in the proof of m formula (2.19)]. Since for a.e. (x,t) € S 

(3.18) 


(r(x \ 02 +t 0 '\ Cia ~ 1 t 0 '- 1 
\dt<p(x,t)\ < C\\a\ 6 \ f 1 > Re J 


R 02 
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also using (13.101) . we have for every R > 0 large enough 

,4-0 f f r fl a J_l« 2 (Cia-l)|± 2 . +„ _ 1+a 

h < C|a| i - 1 / / (r(x) 02 + t^ 1 9- 1 dfidt. 

J J E'k L J 

Now due to (13.171) with e = 

(3.19) / 3 <C'|a|^/ / 2(Cl ““ 1) ^ +Co ^r +s “ 1 “ 1 (log2) S2 ^. 

J R/2 1 / e 2 

By our choice of C\ and the very definition of Si we have that 

a a tn 1 \d + a , ^ ^ M / M 

P ■— 02(C\U — 1)-— + Si + Co-- <- - ■ 

q-1 q- 1 q - 1 

Using the change of variable y := |/3| logz in (13.191) we obtain 

( 3 - 2 °) /, < cilAjf 

< C'|a|«^ T_S2 . 

Inserting (13.111) , (13.121) , (13.161) and (13.201) into (13.41) we obtain for every n € N and every sufficiently large 
R > 0 


f j u q+a Vdydt < f f u q+a y) s n V dydt 
J J Er j 0 J M 


0 J M 

< C ^|a| i-p+i _S4 -f | a | _ ,-ps-i n ~P- 1+ 1 [log(ni?)] S4 + |a|~ _S2 + n~ [log(ni?)] S2 ^ 
with C independent of n and R . Passing to the lim inf as n —> 00 we deduce that 


-p + l S 4 + I a |,_ 


J J u q+a Vdydt < C ^|a| *~p+ 

Therefore, letting R —> 00 (and thus a —> 0), by Fatou’s lemma, we have 

f f u q V dydt = 0 
Jo Jm 

in view of our assumptions on S 2 ,S 4 , which concludes the proof. 


=rr 


□ 


Proof of Theorem 1 1 . 31 We claim that u q £ C 1 (S', Vdfj,dt). To see this, we will show that 


(3.21) 


poo p / poo p \ cr 

/ / u q Vdfidt < a( / / u q Vdfj,dt\ + 

Jo Jm \J 0 Jm J 


B 


for some constants 2l > 0, B > 0, 0 < er < 1. In order to prove (13.211) we consider (12.171) with <p 


q+l 2 pq ) 


and 


replaced by the family of functions ip n defined in (13.31) . for any fixed s > max|l, f? _ 1 , qp+1 ^ 

C\ > max 1 1+c g ° 2 +92 , eigCg— 1 ) } w ^h ^°’ as ™ HP2 and with R > 0 sufficiently large and 
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a = — , 1 p . Thus we have 
log R 

(3.22) [ [ ip s n u q V dpdt 

Jo Jm 


q-cHp-D 


< c 


i (p-i)q 

a 9-P+ 1 


/o Jm 


p+q-l . . p(g + a ) 

9-p+i |Vp n | «-p +1 dpdt 


^> s n u q V dpdt 


E% 


q- (l-a)(p- 1) 


(1 — a) (p — 1) _pg_ 

V |V<p„| s-a-^Kp- 1 ) dpdt 


+ C^|a| 1 j J \d t <p n \ 9-1 V i- 1 dpdt'j (j j ip s n u q V dpdt\ 


(l-a)(p-l) 


g-(l-a)(p-l) 


_ (1 —ct)(p—1) _ pq _ 

V 9-(i-“)(p-i) |V<p n | ij-ci-^Kp- 1 ) dpdt 


+ C a g - p+1 


/o Jm 


P(l+a) p+Q-1 

|Vqj ra | 1-P+ 1 1/ 1 -P + 1 dfidt + 


io Jm 


\d t ip n \ 9-1 V" 9 " 1 dpdt 


V i+ a - 1 \dt<Pn\ q+ol ~ 1 dpdt 


'o Jm 


g + Q-1 
q+a 


Let us prove that for i? > 0 large enough, and thus for \a\ = lo ). R sufficiently small, 

(3.23) limsup f|a| _ 9 -P + 1 jA < C, 

n—> 00 ' ' 

(3.24) linrsup f |a| _ «-q-°o(p-i) Jg'j < C, 

n—too ' ' 

(3.25) 

(3.26) 

for some C > 0 independent of a, where 

r oo . 

(3.27) 

(3.28) 

(3.29) 


lim sup J 2 < C, 

n—>■ 00 

lim sup J 4 < C, 

n—>oo 


(3.30) 
Note that 

(3.31) 


Ji 

T 2 

J 3 

J 4 


P+q-i p(q+Q) 

V 9-P+ 1 \Vtp n \ 9 -P + 1 d/idt, 


0 J M 

poo p 


\d t ip n \ 9-1 V" s - 1 dfidt , 


0 J M 


(i-q)(p-i) . pg , 

V 9-(i-a)(p-i) |V(^ n | i-(i-a)(p-i) dfidt , 


V 9 + 11 - 1 |<9 t qj n |«+“-! dfidt. 


/ 0 J M 


J\ < C(/i + + 2 ) ? 


with 7i and I 2 defined in (13.511 and (13.611 . respectively. Due to (11.1011 in HP2 -(m), by the same arguments 
used to obtain (13.161) and (13.1111 with S 4 replaced by S4, for every n £ N, R > 0 large enough and a = 
we have 

|a| 9 -P + 1 Ji < C (1 + |a| i~p+ 1 n 5 -P +1 [log(ni ?)] S4 j . 

Letting n —>■ 00 we get (13.2311 . 

Next we observe that 


( 3 . 32 ) 


J 2 < C{h + h) 
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with I 3 and I 4 defined in (13.71) and (13.81) . respectively. By the same computations used to obtain (13.201) 
and (13.121) . with s 2 replaced by s 2 , we have for every n £ N, R > 0 large enough and a = 

J 2 < C (l + [log(ni?)] S2 ^ . 

Again, letting n —> 00 we obtain (13.251) . 

We now proceed to estimate J 4 ; note that 

(3.33) Ji<C(I 5 + I 6 ), 
where 

(3.34) I 5 ■= f f V~ 1 d t ip\ < j + q “ 1 dfidt 

Jo J M 

f-QO r* 

(3.35) Iq:= / V~ 9 +“~ 1 ipi+a-i\dtri n \ 9 +"- 1 dfidt. 

Jo Jm 

Due to (13.181) and (13.1 Oil , we have for every R > 0 large enough 


(3.36) I 5 <C\a\*&=i 


( r(x ) 92 + t 9l ) e 2 


e 2 (Cia-l)(^i T + (, + a ilJ(g_l) ) 


9 — 1 1" c®+a-l)(9-l) ) 1/ 5-1 (q+<x —l)(q —1) d[ldt . 


Note that if / : [0, 00 ) —> [0,oo) is a nonincreasing function and if (11.91) in HP2-(i) holds, then for any 
sufficiently small e > 0 and every large enough R > 0 we get 

(3.37) [ f f([r{x ) 02 +t e ^Y 9l - 1) ^ +e )v-^- e d^dt < C f f (z)z^ +c ° e ~ 1 (log zf 2 dz ; 

J Je c r Jr/ 2 x I 6 2 

this can be shown by minor changes in the proof of [T2] formula (2.19)]. Now due to (13.361) . (13.371) with 


£ = 


M 


(g+a-l)(g-l) 

(3.38) 


I 5 <C\a\ / ^(Cqa-l)^i^+Co +®i- 1 (log Z )^dz . 

Jr/ 2 1 / e 2 

By our choice of C\ and the very definition of Si, we have for sufficiently small |a| > 0 

q + a . „ |a| _ |a| 


7 := 0 2 (Cia — 1 )- 


C 0 


s 1 < -- 


q + a — 1 (g +a — l)(g — 1) (q - l) 2 ' 

Using the change of variable y := |y| log z in the right hand side of (13.381) . due to the very definition of 
s 2 we obtain for every R > 0 large enough 

V V 2 dy 


(3.39) 


h<C\a \/ e" y 


M/ |7l 


< C. 


Moreover, using (13.101) and (11.91) in HP2, for every n € N and a > 0 sufficiently small, we have 

g+Q ^ 

n Ci8 2 a q+a _ 1 y~ q—i “ ( 9+a _i)(g_i) dfldt 


(3.40) J 6 < 


^2 1 / e 2 nR^^ nIi 


(nR) 


1 i *" 1 


< C(ni?)" e2 iTfen Cie2Q iTfer (^f^f+Co <q + «ii><,-i, [l og (ni?)f 2 


i°i 


< Cn ( 1- 1 ) 2 [log(ni ?)] S2 . 

In view of (13.331) . (13.3911 . (13.401) we obtain 

J 4 < C ( 1 + n t "- 1 ) 2 [log(ni?)] s 


Letting n —>■ 00 we get (13.261) . 
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In order to estimate the integral J 3 we start by defining A = ( q - p +i)[q-li^-a)(p-i)] > an d we note that 
(3.41) 


(q-p + 1 ) 
for every small enough |a| > 0 , and that 
(1 -a){jp- 1) 


(P- !)«? , 1 „ A „ 2 (P- Od „ _* 
a < A < - 7 t a < e 


(q-p+ 1 ) 


= S 4 + A and 


pq 


s 3 


A p. 


q-(l-a)(p-l) q — (1 — a)(p — 1 ) d 2 

By our definition of the functions tp n , for every n £ N and every small enough |a| > 0 we have 


n 

Jo Jm 

pOO 


(3.42) J 3 = / V~ Bi ~ A \V<p, 


’ dpdt 


< C 


< C 


roo /* - - poo p 

/ / V- Bi ~ A p n ^ +Ap \yip\^ +Ap dpdt + / / 

Uo Jm Jo J a 


- s 4~ A <n$: +Ap |V7« |5| +Ap 


V- Si - A yT % +1 ' p \ V ?? : 


d/j,dt 


0 jm 


V~ Bi ~ A \Vp\^ +Ap dpdt + 


E% 


E 2 1 / e 2n R.\ EnR 


V~ Bi - A ^ +np \\/i ln \^ +Ap dpdt 


~C(I 7 + h). 

Now we use condition (11.1111 in HP2 -(H) with e = A, and we obtain for every n £ N and R > 0 large 
enough 


h = 


< 


E 2 1 / B 2nR^ ErlR 


sup ifi 

\ E 2 1 / e 2nR^ ErlR ) 


V- Bi ~ A p^ +Ap \S7r, n \^ +Ap dpdt 


i HAp 


E 2 1 / d 2 nR^ EnR 


0 2 r(x) 


e 2 -i\ sf+ Ap 


(nR) 


82 


V~ Bi ~ A dpdt 


C^d 2 Ctpq &2 pq II / n \ / q . »\ p —1 a 

< C'n' ,_ o-c<)(p-i) (nR)~ q-o-^hp-i) / / r(xy 2 ~ 3 -P + 1 +A /1/ - 9 -P + 1 ~ A dpdt 

•J ■' £ 2 l/#2„ B \ E ” B 




02 PQ 


< C'n«-( 1 -“)(p-i) (n.R) 9-( 1 -“)(p- 1 ) (nit!) i-p+ 1+c, ° A (log(?ri?)) S4 . 

By our definition of Ci, A and by relation (13.4111 we easily find 

43 ^ C 1 d 2 apq 0 2 pq , 6» 2 P9 


9 - (! -a)(p-!) 9-(l-a)(p-l) 9~P+1 

pqaC\0 2 aq(p - 1)C 0 


+ CnA 


< 

< 


9 - (1 - a)(p~ 1 ) [ 9 - (1 - a)(p- l)](g-p + 1 ) 

qap ^ qap ^ 

^ . . o '-'5 


[9 - (1 - a)(p - 1)](9 -P + 1) ' (q-p+1 ) 2 
for any small enough |a| > 0. Moreover by (13.101) . since a = — lo * R , we have 

#2 PQ 1 d 2P1 1 /o A 

i? - 9-(1 -o)(p-1) +^fft +G oA < c . 

Thus, for any sufficiently large R > 0 and every nSN, 

(3.44) I s < Cn ( -i-p + 1 '>' 2 (log (nR)) Si . 

In order to estimate I 7 we observe that if / : [0, 00 ) —> [0, 00 ) is a nonincreasing function and if HP2-(i«) 

holds (see (11.111) 1. then 

(3-45) 

/ / .f([r(x ) e2 +t ei ]^)r(x) {e 2 - 1 )p (^^+ E )v-^h~ e dpdt < C [ f (z)z B3+c ° £ ~ 1 (log z) Bi dz, 

J JE c r J R/2 1 / d 2 

for every 0 < e < £0 and R > 0 large enough. This can againbe shown by minor variations in the proof 
of H21 formula (2.19)]. Thus, similarly to (13.3611 and (13.381) . using (13.101) . (13.411) and (|3.45D . we have for 
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R > 0 large enough and a = — 

(3.46) 

h < / / [(r(x) 02 +t 9 l )^] 02 (Cl “ _ 1 )i ^ = ^ TFrTT r(a;) (e 2 _ 1 )p (^+T +A )y _ ^TT _ A dAtdi 


< C|a| ®-(l-“)(p-D / 


^ 2 (C!a-l) ,_ (l _ P 4 (p _ 1) +S3+C0A —l^ lo g ^ 

Jr/2 1 / 0 2 

By our choice of Ci and the definition of S 3 and A we have 


a := 02 {Cia — 1)- 


pq 


+ S3 + CqA < — 


qp\a\ 


< 0 , 


'g-(l-a)(p-l) 0 u (g-p + 1) 2 

thus using the change of variable y = |a| logz in the last integral in (13.4611 we obtain 

54 dy 


(3.47) 


I7 < C\a\ 9 -(i-“)(p-i) / e 
do 


-a ( Z 
al 


,_£9_s,_i (p-l)g I_ (p-l)g|a| _ 

< C\a\ g-(l-a)(p-l) 4 = C7|cy| g-(l-a)(p-l) (q-p+l)(q-(l-a)(p-l)) # 


Thus for any sufficiently large R > 0 and every n £ N, by (13.421) . (13.44)) and (13.471) 

|a| v-(i-d)(p-i) j 3 < C|a| <i-(i-“)(p-i) (|a| < >-( 1 -“)(p-i) + (<!-p+i)(<i-(i-a)(p-i)) -fn(9-p +1 > 2 (log (nR)) 
Letting n —> oo, for every R > 0 large enough and a = — Io * R we obtain 

(p-i)g , ,_ (p — i)g|q 

|ck| «-( 1 -“)(p- 1 ) J 3 < C|a| (9-p+ 1 )(<!-(i-c«)(p-i)) < c, 


that is (13.241) . 

Now using (13.231) (13.261) in (13.221) . since tp n = 1 on Er and 0 < ip n < 1 on M x [0, oo), for every R > 0 
large enough we have 


f [ u q V dpdt < limsup ( [ [ <p s n u q V dpdt\ <a([ [ u q V dpdt] 

J Je r n—too \J o Jm ) o Jm J 


B 


for some positive constants A, B and a £ (0,1). Passing to the limit as R —> oo we obtain (13.211) . and 
hence we conclude that u q £ F^S^Vdpdt) as claimed. 

Next we want to show that 

/* OO /» 

u q V dpdt = 0, 


./o Jm 

and thus that u = 0 a.e., since V > 0 a.e. on M x [0, oo). To this aim, we consider (12.181) with ip replaced 
by the family of functions <p n . Since ip n = 1 on Er and since 0 < <p n < 1 on M x [0, oo), for every n £ N, 
every R > 0 large enough and a = — lo * R we have 


(3.48) 


f f u q V dpdt < f f p s n u<1 V dpdt 

J J Er J 0 J M 


< C I lal -1- ^ 


r f 

J o Jm 


p(g+oQ 


V 1 -P + 1 \Vp n \ 9 -P + 1 dpdt + |a 


i—i 


I dtPnfi-'V i- 1 dpdt 


( 1 - Q 0(p- 1 ) . . _ £9 _ 

V g-(i-«)(p-i) \V<Pn\ g-(!-«)(p- 1 ) dfidt 


/o J M 


g-(l-o-)(p-l) 


(1-Qt)(p-1) 


F, c 

J- 1 n 


u q V dpdt 




g / poo 


+ C\ u q V dpdt 


V q - l \d t tp n \ q - 1 dpdt 


'0 JM 


Now we claim that for R > 0 sufficiently large 


P-1 

P 


(3.49) 


lim sup J 5 < C, 

n—t 00 
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where 


Jo Jm 

This can be shown similarly to inequality (13.2611 . Indeed 


(3.50) 

where 


Iq '■= 


h := / IV •>— 1 Idt^nl 5-1 dfidt. 
. Indeed 
J 5 <C(I 9 + I 10 ), 

r oo /> 

V~^\d t tp\^dfidt, ho ■= / 


- 1 g g 

V 9- 1 l^r/nl 9- 1 dfidt. 


JO JM 

By (|3. 18 p and (13.1 Of) , for i? > 0 sufficiently large 


/o J M 


(3.51) 


h < C\a\ ^ 


E c 

J - 1 r 


(r(x ) 62 + t 8l ) s 2 q 1 1 ^ 8 * l h-i-V i- 1 d^dt. 


Now note that if / : [0,oo) —> [0, oo) is a nonincreasing function and if (11.01) in HP2-(i) holds, then for 
every R > 0 sufficiently large we get 


(3.52) 


pOO 

f([r(x ) 82 +t e ^)t {ei ~ 1 ) ^V-^dyidt < C / f{z)z~ Sl ~ 1 (\ogz) 

Jr/2 1 / s 2 


! dz ; 


indeed, the proof of (13.521) is similar to that of [T5J formula (2.19)], where here one uses condition (11.91) 
with e = 0, see also Remarkll.il Then 


(3.53) 


/•OO 

C\a\^ / z 62 ^-!^^- 1 [logzY 2 dz 

Jr/2 1 /°2 

C |ck| / z i - 1 (logz) 82 — < C\a\^ =T ~ S2 ^ < C. 

J i z 

Moreover, for every n £ N by (13.101) and by (11.81) with e = 0, see also Remark ] 1.11 


h < 


< 


(3.54) I w < 


0 1 


t 8i-i \ 9 n Cie 2a ^ v --^ dfjLdt 


^ 2 V» 2 „ s \ e -.h \(nR ) d2 
< C(nR) _6,2 ~ n ClB2a '^ rr (nR)"^ 71 [log(ni?)] S2 = Cn~ i - 1 ^ [log(nR)] S2 . 

In view of (13.501) . (13.531) . (13.541) we have 


J 5 <c(l+n i - 1 [log(nR)] S2 ^ . 


Letting n —> oo we get our claim, inequality (13.491) . 

Now consider again (13.481) : passing to the limsup as n —> oo and using (13.231) (13.251) and (13.491) . we 
obtain for some constant C > 0 

O-qHp-i) 


(3.55) f j u q V dfidt < C 

J Je r 


u q V dfidt 




u q V dfidt 


F, c 

J - 1 R 




Now we can pass to the limit in (13.551) as R —> oo, and thus as a —> 0, and conclude by using Fatou’s 
Lemma and the fact that u q £ L 1 (5 I , Vdfidt) that 


f j u q V dfidt = 0. 

Jo Jm 


Thus u = 0 a.e. on M x [0,oo). 


□ 
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4. Proof of Corollaries 11.4111.51 and 11.61 


Proof of Corollary m We now show that under our assumptions hypothesis HP1 is satisfied (see con¬ 
ditions (HU) and HU)- Observe that for small e > 0 


t(0i-i)(^r-e) dxdt < CR m 

,E 2 1 / I) 2r\ Er 

Hence, condition (HU is satisfied, if 

( 4-1 > \ 

On the other hand, for small e > 0, 






> (g — 1 )m . 


|( 02 -l)p( F rf TT - £ ) dxdt < CR % 


2 1 /«2fl 


| (« , 2-l)p( F rf+T-£)+m-l 


E 2 1 / 6 2 r\ Er 


dg 


< 


CR^ f+[( e2 “ 1 ) p ( 9 -p+i - £ )+ m ] 




pg 


Therefore condition HU is satisfied, if 

(4.2) — S -——- — m. 

0 i q-p + 1 

Now note that we can find Q\ > 1,02 > 1 such that conditions HU> and (14.21) hold simultaneously, if 
(11.121) holds. Thus, from Theorem 1 1.21 the conclusion follows. □ 

Proof of Corollary \1.5\ . Under our assumptions, for R > 0 large and e > 0 small enough we have 
i («i- 1 )(i^T-e) 1 /-^T+£ d/idt < cR ^ {Bl ~ 1) ^~ e ^ + ^ ae+f)s+ ^: a2+ ' 71 (log R) Sl+S2 . 

E 2 \/o 2 r\Er 

Hence condition HU in HPl is satisfied if we choose Co > max jo, (a + 1) + /3 — 02 1 and if 


(4.3) 


02 

0i 


0 2 


g-i 


+ oi < 0, <5i + (52 < 


g — i 


Similarly for sufficiently large R > 0 and small e > 0 we have 

r -(j:) (e2 - 1)p (^+T- £ ) 1 U-^TT + e dfj,dt < Ci? (e2_1)p (^+ T_£ ) + ^r“ £+/3e+ 51'' T4+ ' T3 (log R) S3+Si . 

°2 r\^R 

Therefore condition (11.71) in HPl is satisfied if Co > max jo, /? + — (02 — l)p j and if 

P~ 1 


(4.4) 


pq 

q-p+l 


02 

+ 0-3)+ —— £ 7 4 < 0 , <54 < 


01 g-p + 1 

Now for conditions HU and HU to be satisfied, by our assumptions it is sufficient to choose 0i > 1, 
02 > 1 such that 

-1 


(4.5) 

(4.6) 


01 


g-i 


09 

— a 2 ) < — if 0 < ( 7 2 < 


g -1 ’ 


< 


pq 


q-p + 1 


-03 04 if 0 < cr 3 < 


pq 


q-p + 1 


Thus we can apply Theorem 11.21 and conclude. 

Proof of Corollarv \1.6\ . By our assumptions for large R > 0 and small s > 0 we have 

t (®i-i)(^r-e)y-3^T+ed/idt < Ci?.^i Qe+/3e+ ^i <T2+ ' Tl (log R ) Sl+S2 


□ 


■^ 2 1 / d 2 r\^R 


^ 2 1 /°2 r \ E r 


t^- lS >{^+ e )v~^~ E dpdt < Cl?®i^ 1-1) (‘'^ +e ) + ^ ae+ ^ E+ ^T CT2 ~ , " cri (log i?)^ 1+l52 . 
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Thus 


(4.7) 


conditions (11.81) (11.91) of HP2 are satisfied if we choose Co > max jo, (a — 1) + (3 + 02 j and 


7T \ ~ 


9-1 


+ err < 0, <5i + 5 2 < 


9-1 


Similarly if R > 0 is large and e > 0 is small enough we have 

r-(x) (e2_1)p (^+T _e )p _ ^TT + e dfldt < Ci? (S2_1)p ( « = r+ T_e ) + ^i“ E+/3e+ ®i CT4+<T3 (log i7)' 53+<54 , 


^ 2 1 / 0 2 r\^R 


E2 1 / e 2 r\E r 


r-(*) (e2_1)P (^f+T+ e )p-i^TT- £ d M dt < C , jR ( e 2-l)p( F rf+T+E)+|f« E +^+^^4+<T3 ( ' log R y 3 +S4 _ 


Thus conditions (11.101) (11.111) in HP2 are satisfied if Co > max |o,/3 + |^a + (02 — l)pj and 

P~ 1 


02 

T &3 ) T TP &4 0 ? ^3 T $4 < 


(48) -ft— —,- P+ i 

Hence, arguing as in the proof of Corollary 1 1.5 1 we have that under our assumptions HP2 holds, and we 
can apply Theorem 11.31 to conclude. □ 


We conclude with the next example, where we show that our results extend those in ESI in the case 
of the Laplace-Beltrami operator on a complete noncompact manifold M. 

Let us start by fixing a point o £ M and denote by Cut(o) the cut locus of o. For any x £ M \ 
[Cut(o) U {o}], one can define the polar coordinates with respect to o, see e.g. 10] - Namely, for any 
point x £ M\ [Cut(o)U{o}] there correspond a polar radius r( x) := dist(x , o) and a polar angle 0 £ § m_1 
such that the shortest geodesics from o to x starts at o with the direction 0 in the tangent space T a M. 
Since we can identify T a M with R m , 0 can be regarded as a point of § m_1 . 

The Riemannian metric in M \ [Cut(o) U {o}] in polar coordinates reads 

ds 2 = dr 2 + A ij (r,6)d6 i de j , 

where (0 1 ,... ,0 m_1 ) are coordinates in S" 1 ” 1 and (Ay) is a positive definite matrix. It is not difficult 
to see that the Laplace-Beltrami operator in polar coordinates has the form 

A = + A s ,. 

where R(r,0) := ^(log ^/A{r,0)), A(r,0) := det(Ay (r, 0)), A Sr is the Laplace-Beltrami operator on 
the submanifold S r := dB(o , r) \ Cut(o). 

M is a manifold with a pole , if it has a point o £ M with Cut(o) = 0. The point o is called pole and 
the polar coordinates (r, 0) are defined in M \ {o}. 

A manifold with a pole is a spherically symmetric manifold or a model , if the Riemannian metric is 
given by 

(4.9) ds 2 =dr 2 +if 2 (r)d0 2 1 
where dO 2 is the standard metric in § m_1 , and 

(4.10) </> e A := {/ € C°°((0, oo)) n C 1 ([0, oo)) : f'(0) = 1, /(0) = 0, f > 0 in (0,oo)}. 

In this case, we write M = furthermore, we have \J A(r, 0) = , 0 m_1 (r), so the boundary area of the 
geodesic sphere dSu is computed by 

S(R) = oj m ^ m -\R), 

(jj m being the area of the unit sphere in R m . Also, the volume of the ball Br(o) is given by 

li(B R (o))= [ R S(f)df. 

Jo 
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Observe that for ijj(r) = r, M = K. m , while for ip(r) = sinhr, M is the m— dimensional hyperbolic 
space H m . 

Example 4.1. Let M be an m —dimensional model manifold with pole o and metric given by ( 14 . 91 ) with 


ip(r) := 


if 0 < r < 1. 

[ r Q—i(log r )/3] m -1 if r > 2 ; 


where a > 1 and /? € (o, j 
large enough 

for any a > 0, while 


. We consider problem ed with V = 1 and p = 2. Note that for R > 0 
p(B R ) ~ CR a (log Rf < CR a+a , 


hm ^l = +oo. 


R —'TOG / / 

d 


Furthermore, 

^ (log v^W) = ^ (log ([^(r)]”*" 1 )) < £ for all r > 0 . 

Thus, for a > 2, from 1311 Theorem A] we can infer that problem (11.11) does not admit nonnegative 
nontrivial solutions, provided that 1 < q < 1 + -jj— for some a > 0, that is provided that 

2 

1 < q < 1 + - . 

a 

On the other hand, just assuming a > 1, we can apply Corollary 11.61 with p = 2 (see also Remark 
11.71) . where f(t) = 1 , g(x) = 1 , o\ = a, o- 2 = 1, <5i = /3, <5 2 = 0, and thus we can deduce that problem 
(ED does not admit nonnegative nontrivial solutions, provided that 

2 

1 <q< 1 + -. 


So, we can exclude existence of nontrivial solutions also in the particular case when q = 1 + —. 
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